Abstract. Let E be an elliptic curve over a field k. Let R := End E. There is a functor Hom R (−, E) from the category of finitely presented torsion-free left R-modules to the category of abelian varieties isogenous to a power of E, and a functor Hom(−, E) in the opposite direction. We prove necessary and sufficient conditions on E for these functors to be equivalences of categories. We also prove a partial generalization in which E is replaced by a suitable higher-dimensional abelian variety over F p .
Introduction
Let E be an elliptic curve over a field k. Let R := End E. We would like to classify all abelian varieties isogenous to a power of E. There is a functor Hom R (−, E) that takes as input a finitely presented (f.p.) left R-module M and produces a commutative group scheme. (This functor appears in articles by Giraud [8, §1] and Waterhouse [29, Appendix] , and is attributed by the former to Serre and Tate; we will give a self-contained exposition in Section 4.1.) We will prove that when restricted to torsion-free modules, it becomes a fully faithful functor of additive categories Hom R (−, E) : {f.p. torsion-free left R-modules} opp ( 
1)
→ {abelian varieties isogenous to a power of E}.
In the other direction, we have a functor Hom(−, E) : {abelian varieties isogenous to a power of E}
→ {f.p. torsion-free left R-modules} opp that provides the inverse on the essential image of (1) . These are useful because the modules can be classified for each possible R. We find necessary and sufficient conditions on E for (1) and (2) to be equivalences of categories. For simplicity, in this introduction we state the answer only for elliptic curves over finite fields. Theorem 1.1. Let E be an elliptic curve over a finite field k = F q . Let R := End E. Let π ∈ R be the q-power Frobenius endomorphism. Then (1) and (2) 
are equivalences of categories if and only if one of the following holds:
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• E is ordinary and Z[π] = R;
• E is supersingular, k = F p , and Z[π] = R; or • E is supersingular, k = F p 2 , and R is of rank 4 over Z. Theorem 1.1 is close to many results in the literature. Waterhouse in [29] proves many results relating the isogeny class of an elliptic curve E to the ideal classes of End E, and he also considers such issues when E is replaced by an abelian variety. An analogue of Theorem 1.1 with the functors Hom and Hom(−, E) replaced by similarly-defined functors ⊗ and Hom(E, −) is proved in Serre's appendix to [14] in the case where Z[π] is the maximal order in an imaginary quadratic field (in this case, R = Z[π] necessarily). Other cases are handled in [27] , [13] , [23] , and especially Kani's work [10] ; although these works do not define the functor Hom, they too classify all abelian varieties isogenous to a power of E in the case where E is ordinary and rk R = 2 (see Theorems 1, 2, and 3 of [10] ). In fact, at one point (in the proof of our Theorem 4.8(a)), we make use of one of the easier results of [10] .
The category of all ordinary abelian varieties over a finite field is equivalent to the category of Deligne modules [6] , which are f.p. torsion-free Z-modules provided with an endomorphism that corresponds to the Frobenius. The ordinary case of Theorem 1.1 could be deduced from Deligne's equivalence. For a prime ground field F p , Centeleghe and Stix [5] extended Deligne's equivalence to a category including most non-ordinary abelian varieties. For suitable abelian varieties B over F p , this leads to a classification of the quotients of powers of B; in particular, when B is simple, these quotients are the abelian varieties isogenous to a power of B. Centeleghe and Stix did not mention the functor Hom R (−, B), but in Section 8 we prove that a functor they used is isomorphic to Hom R (−, B). Combining their work with ours, we can rewrite their classification in terms of the functor Hom R (−, B). In particular, this yields a second proof of Theorem 1.1 in the case where the ground field k is F p . Our first proof, although only for elliptic curves, applies also to non-ordinary elliptic curves over F p n for n > 1 and to elliptic curves over infinite fields (see Theorems 7.1 and 7.7, for example). It includes the quaternionic endomorphism case, and also determines exactly when the functors above give an equivalence.
Let us now outline the rest of the paper. Section 2 introduces notation to be used. If R is the endomorphism ring of an elliptic curve, then R is Z, an imaginary quadratic order, or a maximal quaternionic order; Section 3 reviews the classification of f.p. torsion-free left R-modules in each case, and in a little more generality. Section 4 introduces the two functors above and proves their basic properties; in particular it is shown that applying Hom R (−, E) to torsion-free modules produces abelian varieties isogenous to a power of E. Moreover, Section 4.3 relates duality of modules to duality of abelian varieties. Section 5 proves that when E is a supersingular elliptic curve over F p 2 with rk End E = 4, the functors (1) and (2) are equivalences of categories, so that there is a clean classification of abelian varieties isogenous to a power of E. In preparation for the other cases, Section 6 defines the notion of a kernel subgroup, and shows that the functors (1) and (2) are equivalences of categories if and only if every finite subgroup scheme of every power of E is a kernel subgroup. All this is combined in Section 7, which gives a complete answer to the question of when (1) and (2) are equivalences of categories. Section 8 contains the argument involving the work of Centeleghe and Stix for certain abelian varieties of higher dimension over F p .
Notation
Let R be a noetherian integral domain. Let K = Frac R. The torsion submodule of an R-module M is M tors := {m ∈ M : rm = 0 for some nonzero r ∈ R}.
Call M torsion-free if M tors = 0. Call a submodule N of M (or an injection N → M) saturated if the cokernel of N → M is torsion-free. Given a f.p. R-module M, define its rank as rk M := dim K (K ⊗ R M). The notion of rank extends to f.p. left modules over a subring R in a division algebra K.
If k is a field, let k be an algebraic closure of k, let k s be the separable closure of k in k, and let G k := Gal(k s /k). If G is a finite group scheme over a field k, its order is #G := dim k Γ(G, O G ). If A is any commutative group scheme over a field k, and n ∈ Z >0 , then A[n] denotes the group scheme kernel of A n → A. If ℓ is a prime not equal to char k, then the ℓ-adic Tate module of A is
If X is a scheme over a field k of characteristic p > 0, and q is a power of p, let π X,q : X → X (q) be the q-power Frobenius morphism; if k = F q , then let π X be π X,q : X → X. If E is a commutative group scheme over a field k, then End E denotes its endomorphism ring as a commutative group scheme over k, i.e., the ring of endomorphisms defined over k; the same comment applies to Hom.
Recall that the essential image of a functor F : C → D consists of the objects of D isomorphic to F C for some C ∈ C; from now on, we call this simply the image of F .
3.
Classifying torsion-free modules 3.1. Dedekind domains. Suppose that R is a Dedekind domain. Finitely presented (henceforth denoted f.p.) torsion-free R-modules can be completely classified, as is well known [21, Theorem 4.13] . To describe the result, we need the notion of determinant of a module. Given a torsion-free R-module M of rank r, its determinant det M := r M is a f.p. torsion-free R-module of rank 1; sometimes we identify det M with its class in Pic R. For example, if M = I 1 ⊕ · · · ⊕ I r , where each I j is a nonzero ideal of R, then rk M = r and Proof. See [3] . For generalizations to other integral domains, see [2, Section 7] , [4] , [15] , and the survey article [22] .
3.3. Maximal orders in quaternion algebras. Let B be a quaternion division algebra over Q. Let O be a maximal order in B. Given a f.p. left O-module M, the nonnegative integer rk M is the dimension of the left B-vector space B ⊗ O M, which is also
The classification of f.p. torsion-free left O-modules is similar to the classification over a Dedekind domain, and even simpler in ranks at least 2. (c) This is a classical result due to Eichler [7] ; see also [26, Theorem 3.5] .
Proof. For any n ≥ 1, the presentation R
In general, let r = rk M. There is an exact sequence
for some torsion module T ; this yields
By the previous paragraph, Hom R (T, E) is finite, so dim A ≤ r dim E. There exists a nonzero ρ ∈ R such that ρT = 0. Since R is f.p. as a Z-module, it follows that there exists a positive integer n such that nT = 0. Then R r n → R r factors as R r ֒→ M → R r , which induces E r → A → E r whose composition is multiplication by n, which is surjective. Thus
If E is an elliptic curve, and I is a subset of End E, let E[I] := α∈I ker α.
Theorem 4.4. Let E be an elliptic curve over a field k. Let R be a saturated subring of
The group scheme A is an abelian variety isogenous to a power of E.
, where the latter is defined by using the induced ring homomorphism
Proof.
(a) Let r = rk M = dim A. The proof of Proposition 4.3 shows that A admits a surjection to E r with finite kernel, so if A is an abelian variety, it is isogenous to E r . The ring R is either Z, a quadratic order, or a maximal quaternionic order. In the first and third cases, M is projective of rank r over R (the quaternionic case is Theorem 3.3(a)); in other words, M is a direct summand of R n for some n; thus A is a direct factor of E n , so A is an abelian variety. So suppose that R is a quadratic order. Let c be the conductor, i.e., the index of R in its integral closure. Let ℓ denote a prime. If ℓ ∤ c, then the semi-local ring R ⊗ Z (ℓ) is a Dedekind domain, but a semi-local Dedekind domain is a principal ideal domain, so M ⊗ Z (ℓ) is free of rank r over R ⊗ Z (ℓ) , and M/ℓM is free of rank r over R/ℓR.
We claim that A is smooth. This is automatic if char k = 0. So suppose that char k = p > 0. By [29, Theorem 4 .2], we have p ∤ c, so by the above, M/pM is free of rank r 6 over R/pR. By Proposition 4.2, applying Hom R (M, −) to
In particular, dim Lie A = r, so A is smooth. Since A is also proper, it is an extension of a finiteétale commutative group scheme Φ by an abelian variety B. The constructed surjection A → E r with finite kernel restricts to a homomorphism B → E r with finite kernel, and it must still be surjective since E r does not have algebraic subgroups of finite index; thus B is isogenous to E r . Since B(k) is divisible, the extension splits over k. In particular, for each prime ℓ,
On the other hand, Proposition 4.2 implies
We claim that
If ℓ ∤ c, then M/ℓM is free of rank r over R/ℓR, so (9) holds; in particular, this holds if ℓ = char k. Now suppose that ℓ|c. Then R/ℓR ≃ F ℓ [e]/(e 2 ). Every module over R/ℓR is a direct sum of copies of F ℓ and
is free of rank 1 over R/ℓR. The equality # Hom R/ℓR (N, R/ℓR) = #N holds for N = F ℓ and N = F ℓ [e]/(e 2 ), so it holds for every finite (R/ℓR)-module N, and in particular for M/ℓM. Thus (8) implies
Thus (9) holds for all ℓ.
Comparing (7) and (9) shows that #Φ[ℓ] = 1 for all ℓ, so Φ is trivial. Thus A = B, an abelian variety. (b) By Lemma 4.5 below, it suffices to show that if M → P is an injection of modules with P projective, then
By (a), Hom R (P, E) and Hom R (M, E) are abelian varieties, so the image I of Hom 
by (a). (e) The function (#T )
2/ rk R of T is multiplicative in short exact sequences. So is # Hom R (T, E), since Hom R (−, E) is exact. Thus we may reduce to the case in which T is simple, i.e., T ≃ R/I for some maximal ideal I. Then Hom R (T, E) = E[I] by (d). We have I ⊇ ℓR for some prime ℓ. If I = ℓR, then E[I] = E[ℓ], which has order ℓ 2 = #(R/I) 2/ rk R . Now suppose that I = ℓR. If R has rank 2, then #(R/I) = ℓ; if R has rank 4, then
2/ rk R holds for each JordanHölder factor of R/ℓR, but for T = R/ℓR equality holds, so all the inequalities must have been equalities. (f) Start with the exact sequence
Given S ∈ C, apply the left exact functors Hom C (S, −) and then Hom R (M, −); taken for all S, this produces an exact sequence of representable functors
The following was used in the proof of Theorem 4.4(b).
Lemma 4.5. Let C be an abelian category with enough projectives. Let F : C opp → D be a left exact functor. Suppose that for each monomorphism M → P with P projective, the morphism F P → F M is an epimorphism. Then F is exact.
Proof. Given A ∈ C, choose an epimorphism P → A with P projective, and let K be the kernel. The sequence 0 → K → P → A → 0 yields
and the hypothesis implies that F P → F K is surjective, so (R 1 F )A = 0. This holds for all A, so F is exact. 
which is not an abelian variety. Moreover, applying Hom R (−, E) to the injection
, which is not surjective, so Hom R (−, E) is not exact. Finally, Z[i] is isomorphic as R-module to the R-ideal I := 2Z[i], so Hom R (I, E) is not an abelian variety.
4.3. Duality of abelian varieties. Let E be an elliptic curve over a field k. Let R := End E. The Rosati involution, sending an endomorphism to its dual, is an isomorphism R → R opp . If M is a left R-module, then M * := Hom R (M, R) (the group of homomorphisms of left R-modules) is a right R-module: given f ∈ M * and r ∈ R, let f · r be the composition
In other words, M * is a left R opp -module, which we may view as a left R-module by using the Rosati involution. Moreover, if M is f.p., then it is finite over Z, and then so is M * . Also, M * is torsion-free. Given an abelian variety A, let A ∨ be the dual abelian variety. The following lets us understand the duals of abelian varieties arising from modules.
Theorem 4.7. Given a f.p. torsion-free left R-module M, we have
Proof. Let M be a f.p. torsion-free left R-module. Choose a presentation
where P ∈ M m×n (R). Apply Hom R (−, E) to obtain
where P T is the transpose of P . Taking dual abelian varieties yields
where P † is obtained from P by applying the Rosati involution entrywise. On the other hand, applying Hom R (−, R) to (10) yields
and applying Hom R (−, E) yields
Comparing with (11) shows that
9 Given a homomorphism of f.p. torsion-free left R-modules M f → N, we can build a com-
Given an abelian variety A over the same field as E, the abelian group Hom(A, E) (the group of homomorphisms of abelian varieties) is a left (End E)-module, and hence also a left R-module, and it is f.p. because it is f.p. over Z [18, p. 178, Corollary 1] . In fact, we get a functor in the opposite direction:
Hom(−, E) : {abelian varieties isogenous to a power of E} → {f.p. torsion-free left R-modules} opp .
For which elliptic curves E are Hom R (−, E) and Hom(−, E) inverse equivalences of categories? If we start with the R-module R and apply Hom R (−, E) and then Hom(−, E), we obtain End E, so we should have R ≃ End E as R-modules; then the only R-module endomorphisms of End E are given by multiplication by elements of R, but multiplication by elements of End E also give endomorphisms, so R = End E. Thus we assume from now on that R = End E. Proof.
(a) The ring R is Z, a quadratic order, or a maximal quaternionic order. By Theorem 3.1, Theorem 3.2(i), or Theorem 3.3(b), respectively, every f.p. torsion-free left R-module is a finite direct sum of nonzero left R-ideals. Thus, (a) follows if for any two nonzero R-ideals I and J, the natural map
is an isomorphism. If R = Z, this is trivial. If R is a quadratic order, this is the elliptic curve case of the isomorphism given in (48) in [10, Proposition 17] . If R is a maximal quaternionic order, then by Theorem 3.3(a) all f.p. torsion-free left R-modules are projective, i.e., direct summands of f.p. free left R-modules; since Hom R (−, E) is fully faithful when restricted to free modules, it is also fully faithful on projective modules.
(b) This is a general property of fully faithful functors.
(c) As remarked in the proof of (a), every f.p. torsion-free left R-module is a finite direct sum of nonzero left R-ideals I. 
Maximal abelian varieties over
If E is a fixed maximal elliptic curve over F p 2 , then the following also is equivalent to the above: (e) The abelian variety A is isogenous to E g .
Proof. Proof. Any homomorphism respects the p 2 -power Frobenius endomorphisms (both are equal to −p), and hence descends to F p 2 . Every supersingular elliptic curve over F p admits a unique model over F p 2 that is maximal: the existence is [1, Lemma 3.21], and uniqueness follows from Lemma 5.2. In particular, maximal elliptic curves over F p 2 exist. If E is any such curve, then E is supersingular, and Lemma 5.2 implies that End E = End E Fp , which is a maximal order O in a quaternion algebra over Q ramified at p and ∞. Also, the kernel of the p-power Frobenius morphism E → E (p) is isomorphic to α p . By Proposition 5.1(a)⇒(e), any maximal abelian variety A over F p 2 is isogenous to a power of E. The main result of this section strengthens this as follows: Proof. For elliptic curves E and E ′ , write E ∼ E ′ if there exists an isogeny E → E ′ of degree prime to p. The relation ∼ is an equivalence relation: reflexive because of the identity, symmetric because of the dual isogeny (which has the same degree), and transitive because of composition of isogenies.
Any isogeny φ : E → E ′ factors as f • λ where deg f = p n for some n ≥ 1, and p ∤ deg λ. Here λ is separable. On the other hand, f is a factor of [p n ], which is purely inseparable if E is maximal. Thus, assuming that E is maximal, φ is separable if and only if p ∤ deg φ.
Let E 0 be the maximal elliptic curve over
there exists an isogeny E 0 → E, which factors as E 0
where f is a power of the p-power Frobenius morphism (which goes from E 0 to itself since E 0 is definable over F p ), and λ is separable. By the previous paragraph, p ∤ deg λ.
Thus there exists an isogeny E → E ′ of degree prime to p. Any such isogeny is separable.
Remark 5.6. Even better, if E and E ′ are maximal elliptic curves over F p 2 , there exists an isogeny of ℓ-power degree for any prime ℓ = p: for an argument due to Serre, see [17, p. 223 
is surjective.
Proof. Since each α p is the kernel of the p-power Frobenius morphism, any homomorphism E → E ′ must map α p to α p . If E ′ = E, then the resulting ring homomorphism
is surjective because every ring homomorphism from O to F p 2 is surjective. In the general case, Lemma 5.5 provides a separable isogeny λ : E → E ′ ; then λ| αp = 0, so {λ • e : e ∈ End E} surjects onto End α p . Proof. For ℓ = p, Tate's theorem on homomorphisms [28] shows that
is an isomorphism. In particular, it surjects onto End B[ℓ] ≃ M 2g (F ℓ ), and Aut B ≃ GL 2g (Z ℓ ) surjects on Aut B[ℓ] ≃ GL 2g (F ℓ ). For any finite-dimensional vector space V , the group GL(V ) acts transitively on the lines in V , so Aut B acts transitively on the order ℓ subgroup schemes of B.
If F p : B → B (p) is the p-power Frobenius morphism, then ker F p ≃ α g p . Lemma 5.9 implies that the ring homomorphism Proof. By Lemma 5.10, we may assume that H is contained is the copy of α p in E 1 , or a cyclic subgroup of order ℓ contained in E 1 . Then E 1 /H is another maximal elliptic curve over F p 2 , and B/H ≃ (
Proof of Theorem 5.3.
(a) Among all isogenies from a product of maximal elliptic curves to A, let φ : B → A be one of minimal degree (at least one such φ exists, by Proposition 5.1(a)⇒(e)). Let G be the connected component of ker φ. Suppose that φ is inseparable. Then G = 0. By Lemma 5.8, G contains a copy of α p . By Corollary 5.11, B/α p is again a product of maximal elliptic curves. Now φ factors as B → B/α p → A, and B/α p → A contradicts the minimality of φ.
Similarly, if φ is separable and deg φ > 1, then ker φ contains a subgroup H of order ℓ, defined over F p 2 by Lemma 5.7; Corollary 5.11 shows again that B/H → A contradicts the minimality of φ.
Hence φ is an isomorphism, so A is a product of maximal elliptic curves. (b) First let us justify the rewriting of the categories. F.p. torsion-free left O-modules are projective by Theorem 3.3(a). By Proposition 5.1(a)⇔(e), the abelian varieties isogenous to a power of E are exactly the maximal abelian varieties over F p 2 . By (a), every maximal abelian variety is a product of maximal elliptic curves, each of which is Hom O (I, E) for some left O-ideal I, by the bottom of page 541 in [29] . The result now follows from 4.8. Remark 5.13. A related result can be found in [20] : Theorem 2 there states that if A is an abelian variety over an algebraically closed field of characteristic p, and the a-number of A equals dim A, then A is isomorphic to a product of supersingular elliptic curves. 
On the other hand, if we write
Write 1 = e 1 + e 2 with e i ∈ I i . Then the subsets e 1 J 1 ⊆ I 2 J 1 ⊆ K and e 2 J 1 ⊆ I 2 kill H 1 , so J 1 kills H 1 ; i.e.,
6.2. Kernel subgroups of a power of an elliptic curve. Proposition 6.3. Let E be an elliptic curve over a field, and let r ∈ Z ≥0 . Let R := End E. For a subgroup scheme G ⊆ E r , the following are equivalent:
Proof. (i)⇒(ii):
Suppose that G is a kernel subgroup, say A[I]. Let f 1 , . . . , f n be generators for
This is a special case of Theorem 4.4(c).
for some H, which must be isomorphic to G. ։ M ֒→ R r produces a homomorphism E r ։ E r /G ֒→ E s with kernel G. (ii)⇒(i): We may increase s to assume that r|s. Then G is an intersection of s/r endomorphisms of E r , so it is a kernel subgroup by Proposition 6.2(a). Proof.
(i)⇒(ii): Trivial.
(ii)⇒(iii): Suppose that A is an abelian variety isogenous to E r . Then A ≃ E r /G for some finite subgroup scheme G. By assumption, G is a kernel subgroup. Proposition 6.3(i)⇒(iii) implies that A is in the image of Hom R (−, E). The result now follows from Theorem 4.8.
(iii)⇒(i): Let G be a subgroup scheme of E r . Then E r /G is isogenous to E s for some s ≤ r. By assumption, Hom R (−, E) is an equivalence of categories, so E r /G is of the form Hom R (M, E). By Proposition 6.3(iii)⇒(i), G is a kernel subgroup.
In the next few sections, we investigate when it holds that all finite subgroup schemes of powers of E are kernel subgroups, in order to determine when Hom R (−, E) and Hom(−, E) are inverse equivalences of categories.
6.3. Prime-to-p subgroups. We continue to assume that E is an elliptic curve and R = End E. Let ℓ be a prime not equal to char k. Let R ℓ := R ⊗ Z ℓ . The natural map R ℓ → End Z ℓ T ℓ E is injective since an endomorphism that kills E[ℓ n ] for all n is 0, and has saturated image since an endomorphism that kills E[ℓ] is equal to ℓ times an endomorphism. Let C := End R ℓ T ℓ E, which is the commutant of R ℓ in End Z ℓ T ℓ E ≃ M 2 (Z ℓ ). For any elliptic curve, we have rk R ∈ {1, 2, 4}, so one of the following holds:
(To see that C = R ℓ in case (ii), one may argue as follows. By [18, Corollary 3 in III. §19], the Q-algebra R ⊗ Q is semisimple, so R ⊗ Q ℓ is either a degree 2 field extension of Q ℓ , or is conjugate to Q ℓ × Q ℓ . In either case, the commutant
On the other hand, an algebra generated by one element is commutative, so C contains R ℓ . Also, R ℓ is saturated in M 2 (Z ℓ ). The previous three sentences imply that
Let e ∈ Z >0 .
Lemma 6.5. Every finitely generated left C/ℓ e C-module injects into a free C/ℓ e C-module.
Proof. If C = Z ℓ , this is trivial. For any ring A and positive integer n, the category of A-modules is equivalent to the category of M n (A)-modules [11, Theorem 17.20] , and the equivalence preserves injections, finite generation, and projectivity [11, Remark 17.23(A)]; applying this to A = Z ℓ /ℓ e Z ℓ and n = 2 shows that the case C = Z ℓ implies the case
Finally, suppose that C is of rank 2. Then C/ℓ e C is free of rank 2 over Z/ℓ e Z; say with basis 1, α. For c ∈ C/ℓ e C, let λ(c) be the coefficient of α in c. Multiplying any nonzero element of ker λ by α gives an element outside ker λ. Therefore the pairing
is a perfect pairing. In other words, the Pontryagin dual (C/ℓ e C) D is isomorphic to C/ℓ e C as a C/ℓ e C-module. If M is a finitely generated C/ℓ e C-module, there exists a surjection (C/ℓ e C) r ։ M D for some r ∈ Z ≥0 ; taking Pontryagin duals yields an injection M ֒→
Lemma 6.6. The group (T ℓ E) 2 is free as an R ℓ -module and as a C-module. The group
2 is free as an R/ℓ e R-module and as a C/ℓ e C-module.
2 is free as an A-module, for A = R/ℓR and for
, then the free A-module A is a direct sum of two copies of F 2 ℓ (the two column spaces). Lemma 6.7. The natural maps
are isomorphisms.
Proof. The first map is an isomorphism since C = End R ℓ T ℓ E and C and R ℓ are saturated in Recall that G k = Gal(k s /k). There is a group homomorphism G k → C × since each σ ∈ G k respects the R-action on the groups E[ℓ e ](k s ) and T ℓ E. 
is a finitely generated C/ℓ e C-module. By Lemma 6.5, H(k s ) injects into a free C/ℓ e Cmodule, which in turn injects into E[ℓ e ] s (k s ) for some s. Because of the homomorphisms s , which is a homomorphism of C/ℓ e C-modules, so G is a C/ℓ e C-module.
The group homomorphism G k → C × induces algebra homomorphisms Z ℓ [G k ] → C and 
The first is excluded since it has no nontrivial subalgebras. In the second, third, and fourth cases, D can only be F ℓ , and it is easy to find a subspace of F Proof. The ring R := End E ≃ End E k is a quadratic order. Although R is not necessarily a Dedekind domain, its conductor is prime to p, so it makes sense to speak of the splitting behavior of (p) in R. In fact, since E is ordinary, (p) splits, say as pq. 
